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Abstract
Large language models (LLMs) augmented with knowledge graphs
(KGs) have exhibited great potential for complex reasoning tasks.
However, existing approaches often struggle with incomplete sub-
graph retrieval and inaccurate semantic alignment, which hinder
reasoning performance and answer quality. In this paper, we present
Faico, a KG-enhanced reasoning framework designed to achieve
both semantic faithfulness and structural completeness. Faico de-
couples model inference from graph traversal by integrating a fine-
tuned LLM-based relation type generator for accurate semantic
mapping and a KG retriever for reasoning subgraph search. Based
on the predicted relation types, we model the reasoning subgraph
(RS) as a 𝑘-bounded edge type (𝑘-BET) subgraph, where 𝑘 con-
strains the recurrence of relation types within paths, and devise a
budget-dominance-based algorithm to efficiently identify the maxi-
mal 𝑘-BET subgraph. Our framework ensures comprehensive cov-
erage of relevant multi-hop relations while reducing computational
overhead. Through extensive experiments onmultiple KGQAbench-
marks, Faico demonstrates improvements in both effectiveness and
efficiency over LLM-native and state-of-the-art KG-augmented rea-
soning baselines, delivering more accurate, complete answers and
lower inference latency.
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1 Introduction
Large language models (LLMs) have demonstrated remarkable capa-
bilities in a wide range of natural language tasks [14, 22, 23, 31, 45].
Despite impressive performance, LLMs are fundamentally limited
by outdated internal knowledge and a propensity to hallucinate, pro-
ducing plausible but incorrect responses [12, 20, 44]. In contrast to
unstructured text, knowledge graphs (KGs) [6, 8, 19, 30, 37] provide
a structured and semantically rich representation of facts, explicitly
encoding entities and their interrelations. This explicit structure
not only supplements LLMs with external, verifiable knowledge,
but also naturally supports complex multi-hop and multi-entity
reasoning [26, 29, 32]. As a result, the use of KGs has emerged as
an effective paradigm for enhancing the factuality, interpretability,
and depth of reasoning in LLM-based systems.

Existing KG-augmented reasoning approaches [1, 27, 33, 40]
typically follow a two-step process: extracting a reasoning sub-
graph (RS) from the underlying KG, and subsequently leverag-
ing an LLM to infer the answer from this subgraph. These ap-
proaches can be broadly categorized into two paradigms,Model Pre-
select [7, 17, 26, 32] and Model Post-filter [18, 35]. Model Pre-select
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Figure 1: Analysis over current graph reasoning methods.
The correct answer (Germany) is marked with a green circle,
and error sources are marked in red.

paradigm initiates graph traversal from topic entities identified
in the query, employing an LLM or vector similarity search to ex-
pand the search path progressively. This process forms a reasoning
subgraph, which is then fed into an LLM along with the original
question to generate the answer [3, 15, 21]. This paradigm suffers
from accumulated errors inherent in cascading LLM calls, as well as
substantial computational overhead. Its reliance on inflexible prun-
ing heuristics further exacerbates the issue, leading to incomplete
coverage of potential answer candidates within the Knowledge
Graph. In contrast, the Model Post-filter paradigm first employs
embedding-based traversal to retrieve a large candidate subgraph
from the KG, and then uses an LLM or lightweight model to filter
out semantically irrelevant information [25, 35]. The post-filtering
can disrupt coherent logical chains in the resulting subgraph, of-
ten leading to incomplete reasoning chains and leaving the LLM
without full context for inference.

A common problem in both paradigms is the excessive coupling
between LLM inference and subgraph retrieval [10, 24]. The over-
entanglement leads to reasoning subgraphs that are semantically
unfaithful, failing to fully capture the intent of the question, or
structurally incomplete, missing important logical connections. For
Model Pre-select approaches such as ToG [32], sequential invoca-
tions of an LLM to select edge types during breadth-first search in
the KG can cause cascading errors. Once an incorrect edge type
is chosen, the subsequent search follows an incorrect path, under-
mining semantic fidelity. For Model Post-filter [18, 35] approaches,
a candidate subgraph is first constructed around the topic enti-
ties, subsequently, a lightweight model is employed to score and
prune the subgraph, retaining only the top-k most relevant triples.
However, only preserving a fixed-size subgraph may mistakenly
prune critical edges in multi-hop reasoning, resulting in incomplete
reasoning chains and answer misses.

To address these problems, we aim to design a KG-enhanced rea-
soning framework that fulfills semantic faithfulness and structural
completeness simultaneously. The design faces three challenges:

(1) Decoupling model inference from KG retrieval. Appropriately sep-
arating model invocation and graph algorithms to improve overall
performance, balancing the dependency and flexibility of the two
components. (2) Accurate semantic alignment. Precisely identify-
ing the semantic relationships in the NL questions and mapping
them to the complex hierarchical relation schema of the KG. (3)
Efficient and complete subgraph retrieval. Large-scale KGs entail
an efficient subgraph search algorithm, which also ensures that
the retrieved subgraphs are structurally complete, i.e., capturing
all relevant multi-hop relations without introducing redundancy.
The three challenges are intertwined throughout the overall system
design.

To this end, we propose a semantically Faithful and structurally
complete KG-enhanced reasoning framework, named Faico, that
effectively mines high-quality reasoning subgraphs in the KG and
generates NL answers by LLMs. Faico employs an edge type gener-
ator and a KG retriever, individually specialized in semantic align-
ment and structure retrieval. For NL question, the generator is
a fine-tuned LLM, predicting valid edge types subject to the un-
derlying hierarchical schema of the KG. The produced edge types
are utilized by the KG retriever to navigate search paths. Specifi-
cally, we model the target RS as a maximal 𝑘-bounded edge type
(𝑘-BET) subgraph, where 𝑘 limits the recurrence of edge types in
the subgraph. We devise a budget-dominance-based algorithm to
efficiently identify the maximal 𝑘-BET subgraph. The contributions
of this paper are summarized as follows:
• We analyze common failures of prior approaches and propose a
new semantically faithful and structurally complete KG-augmented
reasoning framework. Our framework decouples model invoca-
tion and graph algorithm for edge types mapping and reasoning
subgraph retrieval individually.
• Wedesign an edge type generator that leverages a fine-tuned LLM
to decode valid edge types, under the routing of a token-trie of the
KG schema. In addition, to obtain complete reasoning subgraphs,
we formalize (maximal) 𝑘-BET subgraph and propose a budget-
dominance-based algorithm with a node skipping strategy.
• We conduct extensive experiments to demonstrate the effective-
ness and efficiency of the overall framework, as well as the ac-
curacy and completeness of the generated edge types and the
subgraph structures. Compared with two LLM-native and six
KG-augmented reasoning baselines, Faico achieves 2% to 14.3%
improvements in Hit@1 score on CWQ and WebQSP datasets.

2 Preliminaries & Analysis
A Knowledge Graph G is a directed labeled graph with a node (en-
tity) setV and an edge (relation) set E. Each relation 𝑒 is associated
with a relation type ℓ (𝑒) as its label, which is from a label domain Σ.
A KG can also be represented as a set of triples. Each triple (𝑢, 𝑒, 𝑣)
consists of head and tail entities 𝑢, 𝑣 ∈ V and their relation 𝑒 ∈ E,
denoting an item of factual knowledge in G. Detailed notation
definitions are provided in Appendix A.
KG-augmented LLM Reasoning. Given an NL query 𝑞, the ini-
tial step of KG-augmented LLM reasoning is to identify a set of
topic entities directly mentioned by 𝑞, denoted by 𝑇𝑞 , which can
be implemented by entity linking models [16, 41]. Retrieval in G
starts from these topic entities, where triples of semantic relevance
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Figure 2: Overview of the knowledge graph reasoning framework of Faico.

and structural connectivity are extracted as a RS. In this paper, we
focus on finding high-quality RS in G efficiently. Semantically, an
ideal RS should cover all relation types implied by the question.
Structurally, it should include valid paths in the KG from topic
entities to potential answers, forming complete logical chains for
LLM reasoning.

Existing approaches adopt different strategies to identify an RS;
however, they still struggle to find an ideal RS. Figure 1 presents
the typical failures of existing approaches on an exemplar ques-
tion: ‘What country bordering France contains an airport that serves
Nijmegen?’. For Model Pre-select approaches [7, 17, 26, 32] (at the
top of Figure 1), an LLM is invoked to select relation types (e.g.,
airports, contained_by, adjoins), but cumulative errors ham-
per the model to select the crucial adjoins relation from Germany
to France, leading to the absence of the answer, Germany, in the
final RS. For Model Post-filter approaches [18, 35] (at the bottom of
Figure 1), a larger candidate subgraph is retrieved and then a light-
weight classifier is employed to prune plausible edges. Although
all relevant relation types and the answer entity Germany are pre-
served in the RS, Figure 1, the relation contained_by from Weeze
Airport to Germany is mistakenly pruned, leading to the break of
the reasoning chain. Consequently, the LLM will lack a complete
provenance of the answer in the reasoning step.

Thereby, we summarize that an ideal RS should simultaneously
satisfy two fundamental characteristics as follows:
• Semantic Faithfulness. The RS should contain all the relation
types in G that are semantically relevant to the question.
• Structural Completeness. The RS should contain complete
reasoning paths from topic entities in 𝑇𝑞 to answer entities that
exist in G.

It is worth noting that these two characteristics are closely inter-
twined rather than independent. During the incremental search
process, the absence of key relation types can result in incomplete
reasoning paths, while missing critical structural connections may,
in turn, lead to insufficient semantic coverage. Such mutual depen-
dency makes it difficult to guarantee either property in isolation.
Despite the identified topic entities, searching for RS of semantic
coverage and structural completeness in a large KG is non-trivial. In
this paper, we present a relatively decoupled framework that divides
semantics and structures and conquers individually, aiming to pre-
vent error entanglement and to ensure more faithful and complete
reasoning subgraphs for downstream LLM-based reasoning

3 Overview & Reasoning Subgraph Modeling
We propose a two-stage reasoning subgraph search framework that
first predicts a set of relevant relation types R𝑞 for question 𝑞 and
then searches a complete RS in the KG based on R𝑞 . Our design
principle is to leverage advances in LLMs for semantic understand-
ing and in graph algorithms for symbolic retrieval, enabling precise
and comprehensive navigation of semantic relations and structures
in two sequential stages.

Figure 2 delineates an overview of Faico. Specifically, in the
first stage, Faico employs a fine-tuned LLM to generate a set of
relation types R𝑞 for a given question 𝑞. To generate valid relation
types, we represent the hierarchical relations schema of the KG
as a token-level prefix tree, a token-trie, which explicitly guides
the LLM to decode valid relation types in the KG. We propose
a trie-based decoding algorithm that explores multiple semantic
branches within the trie while progressively pruning less relevant
paths. The LLM serves as a relation-type generator and is deployed
in an offline setting by token-trie guided parameter fine-tuning.
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In the second stage, Faico retrieves an RS that encompasses the
generated relation types R𝑞 , where each path in the RS connects
to at least one of topic entities in 𝑇𝑞 . We model the structure of
RS as a 𝑘-bounded edge type (𝑘-BET) subgraph and propose an
efficient algorithm with a node pruning strategy to build the RS
given R𝑞 . Finally, Faico issues an LLM call, prompting triples of
the RS, alongside the question 𝑞, to generate a faithful and sound
response. In the following, we formulate the structure of the 𝑘-BET
RS in §3.1, and elaborate on the algorithms of RS retrieval and
relation type generation in §4 and §5, respectively.

3.1 Reasoning Subgraph Formulation
Given topic entities 𝑇𝑞 , identifying a structurally complete RS is a
non-trivial task. Although the semantics of question 𝑞 are restricted
to a set of relation types R𝑞 , its search space grows exponentially
with respect to search depth 𝑑 . Figure 3a illustrates an empirical
study on the CWQ benchmark [34]. Here, we conduct a naive
BFS search starting from 𝑇𝑞 in the Freebase KG [4]. For 47.72%
of questions (1,680 out of 3,531), the number of retrieved triples
surpasses 128k, with a search depth 𝑑 = 5, which not only incurs a
high latency for KG retrieval but also exceeds the context window
of LLMs. Existing approaches [7, 32] set the search depth as a fixed
value. However, a fixed search depth cannot generalize well to
different questions.

To reduce the search space, we propose a new subgraph model
for reasoning subgraphs in the KG, which is based on the obser-
vation that few NL questions contain repetitive relation types in
one question. In other words, for any relation type 𝜎 ∈ R𝑞 , the
question 𝑞 does not involve 𝜎 multiple times. Figure 3b illustrates
the distribution of the maximum occurrence of 𝜎 in the questions,
denoted as 𝑘 , from three widely used datasets. This indicates that
most relation types occur at most twice in a question. This obser-
vation motivates us to use the occurrence of 𝜎 to limit the search
space of RS, without compromising the expressiveness of the RS.

Based on the observation, we formalize 𝑘-bounded edge type
(𝑘-BET) path as a potential reasoning path in the RS, where the
edge types fall in R𝑞 and the cardinality of each edge type is limited
by a constant 𝑘 .

Definition 1 (k-bounded Edge Type Path). Given a relation
type set R𝑞 , a path

[
𝑣0

𝑒1−→ 𝑣1
𝑒2−→ · · ·

𝑒𝑙−→ 𝑣𝑙

]
in a KG is a 𝑘-bounded

edge type path if ∀𝑒 ∈ {𝑒1, · · · , 𝑒𝑙 }, ℓ (𝑒) ∈ R𝑞 and |ℓ (𝑒) = 𝜎 | ≤ 𝑘 .

We formulate the RS of a question 𝑞 as a k-bounded edge type (𝑘-
BET) subgraph where the subgraph encompasses the topic entities
𝑇𝑞 and each node in the subgraph connects to at least one topic
entity via 𝑘-BET paths.

Definition 2 (𝑘-bounded Edge Type Subgraph). Given a topic
entity set 𝑇𝑞 and a relation label set R𝑞 , a 𝑘-bounded edge type sub-
graph𝐺 ′ = (𝑉 ′, 𝐸′) satisfies𝑇𝑞 ⊂ 𝑉 ′, and ∀𝑣 ∈ 𝑉 ′ \𝑇𝑞 , 𝑣 is reachable
to a node 𝑣 ′ ∈ 𝑇𝑞 or is reachable from 𝑣 ′ ∈ 𝑇𝑞 via a 𝑘-BET path.

In this paper, our goal is to identify themaximal 𝑘-BET subgraph
that cannot be expanded by adding nodes and edges. This ensures
that all the entities subject to the semantics of the questions are
covered in the RS.

Example 1. The RS in Figure 2 is a maximal 𝑘-BET subgraph
for 𝑘 = 1. Specifically, given the topic entity 𝑇𝑞 = {Nijmegen}
and the relation types R𝑞 = {airport, contained_by, adjoins},
other nodes {Weeze Airport,Netherlands,Germany, France, Poland}
connect to Nijmegen by 𝑘-BET paths where each relation type appears
only once. The subgraph is maximal since adding other nodes such as
Europe will violate the cardinality constraint of relation types.

4 Reasoning Subgraph Retrieval
In this section, we concentrate on the retrieval algorithm for maxi-
mal 𝑘-BET subgraphs, suppose 𝑇𝑞 and R𝑞 are given. Recall that the
formulation of 𝑘-BET subgraph highlights the reachability between
topic entities to other nodes, under the constraint of the cardinality
of edge types in R𝑞 . And the maximal 𝑘-BET subgraph underscores
an exhaustive search of all 𝑘-BET paths. The gist of this subgraph
search algorithm, distinguished from general reachability query
algorithm, is to leverage the cardinality to narrow down the search
space. Specifically, retrieving a 𝑘-BET subgraph cannot be imple-
mented by simply marking vertices as visited (as in standard DFS or
BFS). A vertex may need to be revisited under different paths that
correspond to different remaining budgets. For example, in Figure 4,
starting from a topic entity 𝑣1, previous traversal has visited nodes
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6}. When we trace back to 𝑣1, the exploration to 𝑣2
via edge 𝑣1

𝜎2−−→ 𝑣2 cannot be simply pruned although 𝑣2 has already
been visited. That is because path [𝑣1

𝜎1−−→ 𝑣2
𝜎2−−→ 𝑣7] (highlighted

in yellow) is also a 𝑘-BET path that needs exploring.
To achieve fine-grained control of exploration, we introduce the

budget of edge types, 𝐵, regarding the currently visited node, to
represent the usage of bounded edge types in traversal on a 𝑘-BET
path. The budget of a node 𝑣 records the remaining budget of each
edge type 𝜎 ∈ R𝑞 that can be used to further expand the 𝑘-BET
path. Example 2 presents an example on this concept.

Example 2. In Figure 4, given R𝑞 = {𝜎1, 𝜎2, 𝜎3}, 𝑇𝑞 = {𝑣1} and
𝑘 = 1, nodes {𝑣2, 𝑣4, 𝑣5, 𝑣6} have already been explored from 𝑣1 via
graph traversal. When we trace back to 𝑣1, visiting 𝑣3 and 𝑣4 via path
𝑃 = [𝑣1

𝜎2−−→ 𝑣3
𝜎1−−→ 𝑣4] (highlighted in green), the current budget of

𝑃 is 𝐵 = {𝜎1 : 0, 𝜎2 : 0, 𝜎3 : 1}. Considering the previous path to 𝑣4
𝑃 ′ = [𝑣1

𝜎1−−→ 𝑣4] with a budget 𝐵′ = {𝜎1 : 0, 𝜎2 : 1, 𝜎3 : 1}, we have
𝐵(𝜎) ≤ 𝐵′ (𝜎) for all 𝜎 ∈ R𝑞 . After adding the 𝑘-BET path 𝑃 into the
RS, it is unnecessary to search the neighbors of 𝑣4 to further extend 𝑃 ,
since the previous path 𝑃 ′ provides a larger search space.
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Algorithm 1: budget-dominance-based 𝑘-BET RS Retrieval
Input: Topic entities 𝑇𝑞 , predicted relation types R𝑞 , KG G,

relation type bound 𝑘 .
Output: reasoning subgraph G𝑟 .

1 InitializeS ← Stack(), G𝑟 ← ∅, B ← ∅ ;
2 for 𝑣𝑡 ∈ 𝑇𝑞 do
3 𝐵 ← {𝜎 : 𝑘 | 𝜎 ∈ R𝑞};
4 S. push((𝑣𝑡 , 𝐵)); ▷ traverse from a topic entity 𝑣𝑡

5 while S is not empty do
6 (𝑣, 𝐵) ← S. pop() ;
7 for (𝑣, 𝑒, 𝑣 ′) ∈ GetTriples(G, 𝑣)and ℓ (𝑒) ∈ R𝑞 and

𝐵(ℓ (𝑒)) > 0 do
8 if (𝑣, 𝑒, 𝑣 ′) ∉ G𝑟 then
9 G𝑟 ← G𝑟 ∪ {(𝑣, 𝑒, 𝑣 ′)}; ▷ save the triple

10 {𝐵′1, 𝐵′2, · · · } ← B . find(𝑣 ′); ▷ get previous budgets

11 if ∃𝐵′𝑖 ∈ {𝐵′1, 𝐵′2, · · · }, 𝐵 ⪯ 𝐵′𝑖 then
12 continue; ▷ bypass 𝑣′ by budget dominance

13 𝐵(ℓ (𝑒)) −= 1; ▷ update current budget

14 S. push((𝑣 ′, 𝐵));
15 B . insert(𝑣 ′, 𝐵); ▷ update previous budget

16 for 𝐵′𝑖 ∈ {𝐵′1, 𝐵′2, · · · } and 𝐵′𝑖 ⪯ 𝐵 do
17 B . delete(𝑣 ′, 𝐵′𝑖 );

18 return G𝑟

As Example 2 demonstrates, recording the budget along the
search of 𝑘-BET path provides the opportunity to early stop the
exploration on nodes. We formulate the dominance between the
budgets of two 𝑘-BET paths as below. In brief, if the budget of a
𝑘-BET path to node 𝑣 is dominated by the budget of another path,
searching along this path at node 𝑣 can be stopped.

Definition 3 (Budget dominance). For two 𝑘-BET paths 𝑃, 𝑃 ′

connecting a topic entity to a node 𝑣 , their respective budgets regarding
R𝑞 are denoted as 𝐵, 𝐵′. If ∀𝜎 ∈ R𝑞, 𝐵(𝜎) ≤ 𝐵′ (𝜎) satisfies, we say 𝐵
is dominated by 𝐵′, denoted as 𝐵 ⪯ 𝐵′.

Algorithm 1 presents the budget-dominance-based 𝑘-BET sub-
graph retrieval algorithm with node skipping by budget dominance.
Initially, we use a stack S to maintain the search frontier and a data
structure B to persist the budgets of edge types for each visited
node, indexed by node id, where each budget corresponds to a path
to the node (line 1). In line 4, the traversal starts from a topic entity

𝑣𝑡 with the initial budget 𝑘 for all 𝜎 ∈ R𝑞 . Given the search frontier,
node 𝑣 and its current budget 𝐵 in line 6, the algorithm traverses its
adjacency edges with types in R𝑞 and subject to the current budget
(line 5-17). The edge (triple) that forms a 𝑘-BET path is added to
the RS in line 9. We will skip the traversal along this edge if for
the neighbor of 𝑣 , 𝑣 ′, there is a historical 𝑘-BET path with budget
𝐵′𝑖 dominating the current budget 𝐵 (line 10-12). Otherwise, the
algorithm goes deeper by pushing 𝑣 ′ and the updated budget 𝐵
into the stack. In line 15-17, we maintain the data structure B by
updating possible historical budgets of 𝑣 ′ which are dominated by 𝐵,
to keep the pruning capability of B. The algorithm iterates over all
the topic entities until there are no nodes to be visited recursively.

Assume the final RS G𝑟 contains |𝑉𝑟 | nodes, with each node
𝑣 ∈ 𝑉𝑟 having at most Δ out-neighbors, the time complexity of
Algorithm 1 is 𝑂

(
|𝑇𝑞 | · |𝑉𝑟 | · Δ | R𝑞 |×𝑘

)
. The RS retrieved by Algo-

rithm 1 is a maximal 𝑘-BET subgraph, and the corresponding proof
is provided in Appendix B.

5 Trie-based Relation Type Learning
To generate semantically faithful relation types, two criteria must
be satisfied. First, predicted edges must be schema-valid to avoid
hallucinated relation types not present in the KG schema, which
would lead to invalid traversal paths. Second, the generated set must
achieve semantic coverage, capturing all relation types relevant to
the query.

However, these requirements face two key challenges. First, hal-
lucination occurs when the model generates relation types that
do not exist in the underlying KG schema, breaking downstream
reasoning. Second, incomplete relation types arise due to the vast
and long-tailed vocabulary of relation types, mapping context to a
precise label within such a massive and skewed output space poses
a significant generation challenge[2, 39]. This mismatch prevents
the LLM from identifying all relevant edges, especially those in
domain-specific or low-frequency edge types, ultimately leading to
incomplete subgraphs and unreachable answers.

5.1 Relation Type Generation
To mitigate this mismatch, we introduce a token-trie based relation
type generation mechanism that constrains the model’s output
space to the predefined vocabulary of KG relation types. The token-
level hierarchical structure of the edges in a KG is represented in a
trie T , encapsulating the constraints of the generated types that
Faico aims to leverage. We deploy a fine-tuned LLM𝑀 to predict the
involved relation types for a query 𝑞, which composes reasoning
paths following the token-trie. Specifically, given the token space
of the relation types R, the model predicts the next token of a
candidate relation type conditioned on the original query 𝑞 and the
currently predicted tokens as a decoding path 𝑝 = [𝜏1, 𝜏2, · · · , 𝜏𝑛]
following the auto-regression decoding process:

𝑧 =𝑀 (𝑞, decoding path = 𝑝) (1)

where 𝑧 ∈ R | R | is the logits across the full token space. In each
decoding step, we restrict the model to generate a valid token as a
child in the trie of the last token of 𝑝 . Here, the validity of tokens
indicates that in the relation type hierarchy of the KG, the candidate
relation type to be generated should be a child of the relation type
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corresponding to the last token in 𝑝 . To achieve validity, we impose
a mask on the Softmax output for the logits 𝑧 as shown in Eq. (2),
thereby obtaining the next-token probability distribution regarding
the current prefix 𝑝 , denoted as 𝑃 (𝜏 | 𝑝, 𝑞).

𝑃 (𝜏 | 𝑝, 𝑞) =
{ exp(𝑧𝜏 )∑

𝜏 ′ ∈T .Child(𝑝 [−1]) exp(𝑧𝜏 ′ ) , if 𝜏 ∈ T .Child(𝑝 [−1])

0, otherwise
(2)

Here, 𝑝 [−1] denotes the last token in the current decoding path 𝑝 ,
which corresponds to a specific node 𝑛 in the token-trie T . The
term T .Child(𝑝 [−1]) refers to the immediate child nodes of 𝑛, rep-
resenting the valid next tokens. The generation process terminates
when 𝑛 is a leaf node in the trie.

Due to the intrinsic semantic ambiguity of the question, Faico
will generate multiple tokens in parallel in one decoding step. For
all valid tokens regarding the current decoding path 𝑝 , we only
preserve those tokens whose conditional probability surpasses a
threshold 𝜃 . By the chain rule for language model decoding, Eq. (3)
formulates the joint probability of a complete reasoning path 𝑝
which contains the generated relation types. This pruning strategy
ensures that the final set of relation types is both schema-valid and
high-confidence.

𝑃 (𝑝 | 𝑞) =


𝑛∏
𝑖=1

𝑃 (𝜏𝑖 | 𝑝 [1:𝑖−1] , 𝑞), if 𝑗 < 𝑖, 𝑃 (𝜏 𝑗 | 𝑝 [1:𝑗−1] , 𝑞) > 𝜃

0, otherwise
(3)

Since one decoding step may possess multiple branches, all the
decoding paths 𝑝 form a hierarchical tree structure, from a special
root node as the starting point.

Figure 5 illustrates an example of the relation type generation
process for the question: ‘What year did the team with mascot named
Lou Seal win the World Series?’. At the beginning, the fine-tuned
model starts from a root token ‘?’ and predicts two edge types:
sports and time. Subsequently, the two types, serve as two pre-
fixes that are decoded by the model and generate sports_team and
time_event. Finally, in the last decoding step, three decoding paths
are generated, i.e., sports_team_mascot, sports_team_champion,
and time_event_end_date, which are organized into a tree struc-
ture as shown in Figure 5.

Algorithm 2 presents the generation algorithm that leverages
a BFS with a beam width 𝑏 and the 𝜃 -pruning strategy. Given a
question 𝑞 and the token-trie of the KG T , the model generates a
set of sequences R𝑞 , where each sequence is a concatenation of the
generated relation types in a decoding path. We use a queue Q to
maintain the search frontier, where an element contains the current
visited token 𝑐 , and the current decoding path 𝑝 . At the beginning,
we initialize the result R𝑞 and the queue. In line 3-13, a BFS with a
beam width 𝑏 is performed. Specifically, if the current token 𝑐 is a
leaf node in the token-trie, we persist the generated decoding path
𝑝 in R𝑞 (line 5). Otherwise, the LLM generates the next node given
𝑝 (line 7-13). First, the logits of the token are computed by the LLM
and masked for validity check, by Eq. (1) and Eq. (2), respectively.
Then, with the probability from the Softmax function (line 9), we
select top-𝑏 tokens whose generative probability is greater than
the threshold 𝜃 in line 10. Finally, the 𝑏 tokens are inserted into
the search frontier if they are children of the current token 𝑐 in

token
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Figure 5: Token-trie based edge type generation.

Algorithm 2: TokenTrieDecode(𝑞, 𝑏, 𝜃, T , 𝑀)
Input: Question 𝑞, beam width 𝑏, probability threshold 𝜃 ,

token-trie T , language model𝑀 .
Output: Set of predicted relation types R𝑞 .

1 R𝑞 ← ∅; ▷ Final set of decoded relation types

2 Q ← Queue((root, [])); ▷ Queue of (node, path, depth)

3 while Q is not empty do
4 (𝑐, 𝑝) ← Q .dequeue(); ▷ 𝑐 : current token node, 𝑝 : decoding path

5 if 𝑐 is terminal then
6 R𝑞 .add(JoinTokens(𝑝)); ▷ Save completed edge

7 𝑧 ← 𝑀 (𝑞, 𝑝); ▷ Get logits for next token

8 𝑧 ← MaskByTrie(𝑧, T , 𝑐); ▷ Only keep valid children

9 𝑃 ← Softmax(𝑧);
10 {𝜏1, . . . , 𝜏𝑏 } ← {𝑖 | 𝑃 [𝑖] > 𝜃 ∧ 𝑃 [𝑖] ∈ Top−b(𝑃)};
11 foreach 𝜏 ∈ {𝜏1, . . . , 𝜏𝑏 } do
12 if 𝜏 ∈ T .Child(𝑐) then
13 Q .enqueue((𝜏, 𝑝.append(𝜏)));

14 return R𝑞

the trie in line 11-13. It is worth mentioning that for one question,
Algorithm 2 only incurs one LLM call. Given 𝑞 as the prefix input,
the practical decoding sequence of LLM is the BFS order of the tree
composed of all the generated decoding paths.

To further demonstrate the scalability of the token-trie mecha-
nism, we analyze its theoretical complexity. Modeled as an 𝑛-ary
tree with 𝐾 relation types and average token length𝑚 ≈ 𝑂 (log𝐾),
the trie requires 𝑂 (𝐾 ·𝑚) for construction and 𝑂 (𝑚) for updates.

5.2 Trie-based Path Learning
We elaborate on how to fine-tune a general-purpose LLM to ef-
fectively predict a complete relation type set. Specifically, we aim
for the model to actively internalize schema constraints, reduc-
ing reliance on decoding masks, while accurately distinguishing
semantically correct relations from merely plausible ones.
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To achieve this goal, we propose a supervised fine-tuning strat-
egy that navigates the model to align NL questions with their pre-
cise relation type sets, subject to the constraints of the token-trie.
Given a training question 𝑞 with its ground-truth relation type
R̂𝑞 , recall that R̂𝑞 can be decomposed into multiple sequences of
tokens, aligning to the format of the decoding paths. We use 𝜏 (𝑖 )
to represent the set of tokens generated in step 𝑖 , from which the
supervision signal for step 𝑖 is a binary vector 𝑦 (𝑖 ) ∈ {0, 1} | R | . If a
token 𝜏 𝑗 ∈ |R| is in 𝜏 (𝑖 ) , we set 𝑦 (𝑖 ) [ 𝑗] = 1, otherwise 0. Training
the LLM is to optimize the masked KL divergence in Eq. (4):

Ltrie-KL (𝑞, 𝑝) =
𝑛∑︁
𝑖=1

∑︁
𝜏 𝑗 ∈𝜏 (𝑖 )

𝑦 (𝑖 ) [ 𝑗] · log 𝑦 (𝑖 ) [ 𝑗]
𝑃 (𝜏 𝑗 | 𝑝, 𝑞)

(4)

where 𝑃 (𝜏 𝑗 | 𝑝, 𝑞) is the model’s output on only valid tokens 𝑡 𝑗 , by
the masking Softmax in Eq. (2), where 𝑝 is the prefix of 𝜏 𝑗 in a de-
coding path. Unlike the conventional KL divergence that computes
over the full vocabulary R, this objective ensures that learning is
only focused on structurally valid tokens, thereby eliminating gra-
dient noise on invalid tokens and tightly coupling model training
with the KG’s schema.

To support efficient training, we adopt a parameter-efficient
fine-tuning algorithm LoRA [13] to fine-tune a pretrained general-
purpose LLM. Our data pipeline parses SPARQL queries from bench-
mark datasets (e.g., WebQSP, CWQ), extracts edge types, builds the
corresponding token-trie, and generates prefix-level supervision
examples. We also optionally support masked supervision, where
the model predicts target tokens at designated masked positions
rather than via autoregressive generation.

This path-level learning framework equips the model with fine-
grained knowledge of edge structure and semantics, significantly
improving decoding accuracy while reducing edge hallucination
during inference.

6 Experimental Studies
In this section, we give the experimental setup in §6.1, and conduct
substantial experiments to study the following research questions:
• RQ1: How effective is Faico compared to other state-of-the-art
(SOTA) graph reasoning approaches? (§6.2)
• RQ2: To what extent do semantic faithfulness and structural
completeness impact the overall performance? (§6.3)
• RQ3: How efficient is Faico regarding resource consumption
and end-to-end query latency compared to the baselines? (§6.4)
• RQ4: How does each sub-component contribute to the overall
performance and efficiency of Faico and are they robust? (§6.5)

6.1 Experimental Setup
6.1.1 Datasets. Our evaluation leverages three widely-used KGQA
datasets: CWQ [34], WebQSP [43], and GrailQA [11]. Each dataset
provides natural language questions paired with their ground-truth
SPARQL queries. The profile of the datasets is given in Appendix C.
For all experiments, we use a cleaned subgraph of Freebase as the
underlying KG. This subgraph is derived from the original Freebase
(1.9B triples) by filtering out non-English and non-numeric triples,
resulting in a graph comprising 100.1 million nodes, 736.2 million
edges, and over 20,400 relation types.

6.1.2 Baselines. We compare our approach against both LLM-
native and recent KG-enhanced reasoning methods. The LLM-
native baselines include LLM-direct [5] and Chain-of-Thought
(CoT) [9, 38], which assess the inherent reasoning capabilities of
LLMs. For KG-enhanced reasoning approaches, we comparewith six
SOTA methods: ToG [32], RoG [26], Plan-on-Graph [7], GoG [42],
Paths-over-Graph [35] and SubgraphRAG [18]. To ensure a fair and
robust comparison, each baseline is configured using the runnable
best-performing hyperparameters reported in their papers. Sub-
graphRAG and RoG fail to run onGrailQA as they do not provide the
necessary data preprocessing or training pipelines for this dataset.

6.1.3 Implementation details. Our graph search and token-trie
learning/decoding algorithms are implemented in Python. For the
main experiments, Faico uses 𝑘 = 1 and 𝜃 = 0.01 unless other-
wise specified. We employ Qwen-Plus [36] as the reasoning LLM
to generate answers. All experiments are conducted on a server
running Ubuntu 20.04.6 LTS, equipped with 10 NVIDIA A100 GPUs,
1 TB RAM, and 128 CPU cores (Intel Xeon Platinum 8358, 2.60GHz).
Method-specific parameter settings are provided in Appendix D.

6.1.4 Evaluation Metrics. To better evaluate the method’s ability
to mine complete answers, we use complete answer sets for metrics
across three datasets. We mainly report macro-averaged Hit*,
Hit@1, and the precision, recall, and F1 scores across queries, for
both the predicted answers and the generated relation types. To
assess efficiency, we use the end-to-end average query time across
different KG-RAG methods. Additionally, we track the average
number of LLM calls and token usage (including both prefill
and decode tokens) as indicators of overall resource consumption.
Details of the calculation of the metrics can be found in Appendix E.

6.2 Query Performance (RQ1)
We first evaluate Faico in an end-to-end setting against current
SOTA approaches. While previous work evaluates the results with
only partial (one) answer, we compute Precision, Recall, F1 and
Hit with the complete answer set to test knowledge graph reason-
ing in a strict and comprehensive manner. Due to space constraints,
the descriptive statistics, including means and standard deviations,
are provided in Appendix F.

As shown in Table 1, we find that Faico is capable of finding the
correct and formal answer. The Hit metric measures the model’s
ability to find at least one relevant answer from the entire answer
set, a higher Hit score indicates the model’s ability to locate feasible
answers. Faico achieves the highest Hit@1 score in both WebQSP
and CWQ datasets. On WebQSP, Faico reaches 14.1% improvement
over current KG reasoning SOTA (paths-over-graph). On CWQ,
Faico achieves 2% (paths-over-graph) improvement in Hit@1 score.
Furthermore, results in Precision, Recall and F1 show that Faico
achieves higher accuracy and completeness in its answers com-
pared to other methods. For example, Faico surpassed methods like
SubgraphRAG by 32.8% and Plan-on-Graph by 45.0% on WebQSP
in precision score. This demonstrates Faico’s stronger ability to
retrieve answers that are both relevant and correct, making it more
reliable for tasks requiring precise information retrieval. While
Faico ranks second in the Hit* metric on GrailQA, this result must
be interpreted in the context of the dataset’s distribution. As detailed
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Table 1: Performance comparison on WebQSP, GrailQA, and CWQ datasets.

Method WebQSP GrailQA CWQ

Metric Hit∗ Hit@1 PRE REC F1 Hit∗ Hit@1 PRE REC F1 Hit∗ Hit@1 PRE REC F1

LLM-direct 66.1 37.3 32.2 26.9 26.9 31.7 11.2 10.6 8.2 8.4 40.2 28.7 26.8 25.6 25.5
LLM-COT 65.7 36.9 30.9 26.8 26.2 29.7 8.4 7.7 6.4 6.5 41.6 29.1 26.9 25.8 25.6
ToG 67.2 51.3 47.4 40.3 40.9 64.3 51.4 51.1 46.0 46.9 47.1 36.2 35.3 32.4 33.0
RoG 78.9 73.4 78.2 63.7 61.0 - - - - - 47.6 43.8 37.4 40.5 37.1
SubgraphRAG 87.7 62.7 58.2 56.0 54.4 - - - - - 62.9 48.2 44.8 44.4 43.0
Plan-on-Graph 75.3 58.8 53.3 46.8 47.1 76.8 65.7 64.0 59.1 59.5 50.9 37.0 35.2 32.9 33.0
GoG 80.3 68.7 63.1 55.2 55.8 77.7 71.3 68.0 64.5 63.8 65.5 57.3 53.8 50.7 50.7
Paths-over-Graph 81.7 73.6 66.9 60.9 60.1 84.8 79.0 75.1 71.3 70.2 72.1 69.1 66.8 65.4 65.2
Faico(Ours) 88.6 84.0 77.3 75.3 73.4 78.4 68.4 66.1 61.8 62.1 75.2 70.5 67.6 65.3 64.9

Table 2: OOD Generalization of Faico across datasets.

Dataset Unseen Label
Ratio (%) Label F1 Label Hit Graph Answer

Hit

WebQSP 4.8 13.6 39.2 67.1
CWQ 2.7 38.5 71.6 43.2
GrailQA 56.2 34.1 69.0 86.5

in Table 2, we analyzed the proportion of test queries containing re-
lation types unseen during training. GrailQA presents a significant
generalization challenge, with 56.2% of questions containing unseen
labels—a stark contrast to WebQSP (4.8%) and CWQ (2.7%). This
sparsity of training signals inevitably hampers the prediction of
precise semantic edge types. However, despite this difficulty, Faico
achieves a Label Hit of 69.0% and a Graph Answer Hit of 86.5%.
These results demonstrate that Faico possesses generalization abili-
ties, maintaining retrieval performance even when confronting a
majority of OOD relations. To further investigate the failure cases
of Faico on GrailQA see Appendix G for details.

Overall, Faico excels in both answer accuracy and completeness,
achieving leading scores in current metrics. This makes it a ro-
bust method for knowledge graph reasoning tasks, providing both
accurate and comprehensive answers.

6.3 Completeness (RQ2)
We extract reasoning subgraphs (RS) from all baseline methods and
report additional metrics to evaluate their quality. Specifically, we
measure Edge Recall (the ratio of correct edges types retrieved
to the total number of ground-truth edge types), Edge precision
(the ratio of correct edges in the retrieved subgraphs), and Edge
Coverage (the ratio of the RS containing all ground-truth edge
types). To assess answer retrieval, we report Answer Recall (the
ratio of retrieved correct answers to the total number of ground-
truth answers), Answer Hit (the ratio of the RS from which at
least one answer is found) and Answer Coverage (the ratio of
the RS containing all answers). These metrics collectively evaluate
whether the RS supports complete and accurate end-to-end QA.

As shown in Figure 6, the results can be analyzed in two per-
spectives: (1) how well the retrieved subgraph captures the relevant
semantics (Edge Recall, Edge Precision, and Edge Coverage), and (2)
how effectively it leads to correct answers (Answer Recall, Answer
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Figure 6: RS completeness analysis on WebQSP and CWQ.

Hit, and Answer Coverage). First, sufficient coverage of relation
types is crucial for effective LLM reasoning. For example, on We-
bQSP, Faico achieves 75.9% Edge Recall, 58.7% Edge Precision and
62.7% Edge Coverage, outperforming Paths-over-Graph and RoG.
Second, complete structural connectivity is essential for support-
ing valid answers. On CWQ, SubgraphRAG achieves high Edge
Recall (75.4%) and Edge Coverage (47.6%), but does not outperform
methods like RoG (31.7% Edge Recall, 9.7% Edge Coverage), which
provide stronger connectivity guarantees. Overall, these results
indicate that Faico excels in both semantic faithfulness and struc-
tural completeness, enabling more accurate and comprehensive
reasoning for QA tasks.

6.4 Efficiency (RQ3)
We evaluate the efficiency from two perspectives: LLM resource
consumption and average query time 𝑇 , both measured alongside
answer accuracy. As depicted in Table 3, Faico exhibits low cost
and rapid response, consistently achieving top-1 or top-2 in Hit@1
across WebQSP, CWQ, and GrailQA. On WebQSP, Faico reduces
input tokens by over 73.9% compared to model pre-selection SOTA
methods such as plan-on-graph, and delivers over a 17.5 𝑥 speedup
in average query time over paths-over-graph on CWQ. With a
moderate size of RS (measured by |E𝑟 |, the average number of
edges in the subgraphs), and minimal token usage, Faico strikes
an optimal balance between efficiency, effectiveness, and resource
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Table 3: Efficiency and resource consumption comparison.

Method LLM* Input Output | E𝑟 | 𝑇 (sec.) Hit@1

WebQSP

ToG 8.5 5755.3 1084.6 2.5 66.05 51.3
RoG 1 641.4 93.9 32.4 3.55 73.4
SubgraphRAG 1 4746.9 139.4 199.2 6.04 62.7
Plan-on-Graph 13.9 8784.2 459.8 8.7 118.51 58.8
GoG 5.72 6879.9 216.6 13.9 12.50 68.7
Paths-over-Graph 10.9 32818.7 886.6 25 144.83 73.6
Faico (Ours) 1 2290.3 159.9 57 6.91 84.0

CWQ

ToG 11.4 7650.5 1689.3 2.4 104.40 36.2
RoG 1 948.3 112.1 56.3 5.18 43.8
SubgraphRAG 1 4445.4 198.4 193.1 7.81 48.2
Plan-on-Graph 20.6 13342.1 660.8 7 232.77 37.0
GoG 11.5 12750 440.9 8.1 28.5 57.3
Paths-over-Graph 9.3 25185.3 1141.9 17 180.06 69.1
Faico (Ours) 1 3295 168.4 101.7 10.27 70.5

GrailQA

ToG 5.9 3366 866.2 2.8 35.66 51.4
Plan-on-Graph 9.1 5142.7 354.6 8.7 36.16 65.7
GoG 4.37 5348.5 180.5 8.1 8.97 71.3
Paths-over-Graph 7.9 18696.8 779.8 26.4 78.15 79.0
Faico (Ours) 1 1601.2 98.1 18.4 6.26 68.4
*Report generative LLM calls only.

utilization. In addition, we provide the query time distribution for
all baselines on WebQSP in Appendix H.

6.5 Ablation Study & Robustness (RQ4)
To validate the contributions of both token-trie learning (TL) and
𝑘-BET retrieval, we conduct ablation studies by replacing each com-
ponent with alternative baselines. For TL, we consider two alterna-
tives: (1) Direct supervised fine-tuning (SFT), which fine-tunes
the LLM to map query prompts directly to target edge labels (us-
ing the query as input and edge label as supervision); and (2) LLM
rerank, which first retrieves the top-20 candidates with NV-Embed-
V2, then leverages the LLM to rerank and select the most relevant
edge labels. For 𝑘-BET retrieval, we evaluate (1) Bounded BFS,
a breadth-and-depth limited search (with both width and depth
bounded to 3 in our setting), and (2) Graph-level Occurrence
(GLO), which selects labels by globally constraining the allowed
occurrence of each edge label across the explored subgraph. The
ablation results on WebQSP are reported in Table 4. The perfor-
mance drop ranges from 6.4% to 27.9% (Hit@1), confirming the
effectiveness of our 𝑘-BET retrieval model and token-trie-based
generation mechanisms. Notably, the replacement of the retrieval
model leads to a disproportionate decline in Recall and F1 com-
pared to Precision. This suggests that while baseline methods may
identify some correct answers, they fail to achieve completeness,
highlighting the critical role of the RS construction in mining the
full set of ground-truth entities.

We further examine the effect of different LLM backbones by
replacing Qwen-Plus with GPT-4o-mini and Deepseek-v3.1. The
performance remains largely stable: Hit@1 shifts from 84.0% to
83.1% with GPT-4o-mini and to 80.2% with Deepseek-v3.1. This
demonstrates that Faico is resilient to LLM backbone changes.

Table 4: Comparison of model performance under different
component substitutions.

Method Hit@1 Precision Recall F1

Faico(TL+𝑘-BET) 84.0 77.3 75.3 73.4
TL→ LLM rerank 60.5 54.5 52.0 50.7
TL→ Direct SFT 77.3 72.7 70.8 69.6
𝑘-BET→ GLO 74.7 70.0 59.3 60.0
𝑘-BET→ Bounded BFS 78.6 72.8 62.3 62.9

LLM→ GPT-4o-mini 83.1 76.3 74.1 72.3
LLM→ Deepseek-v3.1 80.2 73.9 76.2 70.6
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Figure 7: Performance sensitivity to threshold 𝜃 .

In addition, we study the interplay between semantic threshold
𝜃 and edge type budget 𝑘 , which control relation label quality and
subgraph size, respectively. As 𝜃 increases, Precision and Recall
for relation label generation generally improve, enhancing the ac-
curacy and completeness of generated relations. For instance, at
𝜃 = 0.06, Precision and Recall reach 55.9% and 87.8%, yielding an
F1 of 63.0% and Coverage of 83.7%. However, when Precision falls
below an acceptable level (e.g., 𝜃 = 0.5), both F1 and Coverage
drop sharply, indicating that low Precision introduces incorrect
or irrelevant relations. The E2E performance peaks at 𝜃 = 0.02
and then consistently declines, which highlights the importance
of maintaining high Precision to balance semantic coverage and
correctness and ensure robust E2E performance. Further analysis
of the effect of the edge bound 𝑘 is provided in Appendix H.

7 Conclusion
This paper presents Faico, a KG-enhanced reasoning framework
that achieves both semantic faithfulness and structural complete-
ness, which are often overlooked by prior methods due to tight cou-
pling between semantics and structure. By combining a fine-tuned
LLM-based relation type generator and a budget-dominance-based
KG retriever, Faico generates schema-valid and query-relevant rela-
tions for efficient subgraph construction. Experiments on multiple
KGQA benchmarks demonstrate consistent improvements in both
answer accuracy and reasoning efficiency over existing methods.
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A Notation

Table 5: Frequently used notations.

Notation Description

G = (V, E,L) A knowledge graph with entity setV , relation
set E, and a labeling function L that maps each
relation to a semantic type in Σ

ℓ (𝑒) Semantic label of edge 𝑒 assigned by L
G𝑟 Reasoning subgraph for question 𝑞.

R̂𝑞/ R𝑞 Ground-truth / predicted relation type set
𝑇𝑞 topic entities
𝐵 label budget
𝑘 bound of the relation types

B Proof
The soundness of the completeness mainly involves the correctness
of the 𝑘-BET path and the maximality of the retrieved graph. We
prove this by contradiction, establishing that any counterexample
would violate path effectiveness and graph maximality.
(1) Path Effectiveness. This property is guaranteed by the algo-
rithmic design. Specifically, the algorithm initializes a per-relation
budget of 𝑘 , which explicitly constrains how many times each rela-
tion type may be used in the path during graph traversal. An edge
is traversed only if the remaining budget of its corresponding rela-
tion is strictly positive (line 9 in algorithm1), and it decrements the
budget after each use. As a result, any candidate path constructed
by the algorithm is subject to a hard upper bound of 𝑘 occurrences
for each relation. Consequently, no path included in the final re-
trieved subgraph G𝑟 can use a single relation more than 𝑘 times.
This directly satisfies the definition of a 𝑘-BET path.
(2) Graph Maximality (by contradiction). Assumption: As-
sume the algorithm is incomplete and missed at least one valid
𝑘-BET reachable path, which we will call 𝑃∗.

If 𝑃∗ was missed, there must be a neighbor edge on this path,
denoted as 𝑒 = (𝑢, 𝑟, 𝑣), share one vertex 𝑢 with retrieved reasoning
subgraph G𝑟 . This means the algorithm reached node 𝑢 but did not
proceed to 𝑣 , which could only happen for two cases:
• Case 1: Budget Exhaustion. The budget for relation 𝑟 was
already depleted upon reaching𝑢. This wouldmean 𝑟 had already
been used 𝑘 times. Traversing edge 𝑒 would result in 𝑘 + 1 uses,
which would make the path 𝑃∗ invalid. This contradicts our
assumption that 𝑃∗ is a valid path.
• Case 2: Pruning by Budget Dominance. This means node 𝑣
was visited before via a different path that resulted in a superior
(or equal) budget. A superior budget has an equal or greater num-
ber of remaining uses for all relations. In this case, the current
path must be a subset (or a strict subset) of the previously vis-
ited path. Since the previously visited path dominates in budget,
continuing with the current path would be redundant, leading
to a contradiction.

Both scenarios lead to a contradiction, so our initial assumption
that the algorithm misses paths must be false.

Having satisfied both path effectiveness and graph maximality,
we conclude that the generated subgraph G𝑟 is a 𝑘-BET Subgraph.

C Dataset

Table 6: Profile of datasets.

Dataset Answer Format # Train / Test Questions Hop

CWQ Entity 27,734 / 3,531 2-4
WebQSP Entity/Number 3,098 / 1,639 1-2
GrailQA Entity/Number 44,337 / 1,000 1-4

D Implementation Details
To support efficient and consistent evaluation, we developed a
shared in-memory graph class based on the Compressed Sparse
Row (CSR) format, which serves as the backend for all experiments.
This design ensures uniform efficiency comparisons, as previous
methods often relied on Virtuoso [28] and performed graph op-
erations via network calls, introducing potential variability and
delays from network fluctuations. We restrict the maximum search
depth 𝑑 (𝑑 = 2 for WebQSP and 𝑑 = 4 for CWQ and GrailQA) to
align with the datasets and existing studies [7, 32, 35]. For other
methods, we use their default settings (max width 𝑏 = 3,𝑑 = 3 for
ToG, 𝑑 = 3 for paths-over-graph with fuzzy selection and precise
selection, top-200 triples for subgraphrag, 𝑏 = 3 for RoG, 𝑑 = 4 for
plan-on-graph, using complete KG for GoG)

E Metrics
The predicted answer set 𝐴 produced by the LLM is compared
with the ground-truth answer set 𝐴∗. We report the following
metrics: Precision PRE =

|A∩A∗ |
|A | , Recall REC =

|A∩A∗ |
|A∗ | , and

F1 = 2× 𝑃𝑅𝐸×𝑅𝐸𝐶
(𝑃𝑅𝐸+𝑅𝐸𝐶 ) . We also reportHit@1 =

���{𝑞 |A𝑞∩A∗𝑞≠∅
}���

|𝑄 | , where
𝑄 denotes the set of all queries. To align with prior work, we re-
port a relaxed Hit metricHit∗, where answer coverage is evaluated
based on containment rather than exact set overlap. All effective-
ness metrics are computed using macro averaging, metrics are first
computed for each individual query, then averaged across the entire
evaluation set.

F Additional Statistical Analysis.
We report the mean ± standard deviation over three re-runs, where
metrics are macro-averaged over queries. All results are rounded to
one decimal place. see Tables 7,8 and 9. We observe that methods
involving multiple LLM calls or larger reasoning subgraphs tend to
exhibit higher variance, such as Paths-over-Graph, Plan-on-Graph,
and SubgraphRAG.

G Error Analysis
We analyze the failure cases of Faico to understand the limitations
imposed by the budget constraint and upstream predictions. As
shown in Figure 8, the errors primarily fall into two categories:
budget exhaustion and semantic drift.
• Limit of 𝑘 . Figure 8a illustrates the recall failure when the rea-
soning depth exceeds the preset budget. In this case, retrieving
the answer Temple University requires a multi-hop path from
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Table 7: Performance comparison on WebQSP dataset.

Method Hit∗ Hit@1 PRE REC F1

LLM-direct 66.1 ± 0.4 37.3 ± 0.2 32.2 ± 0.3 26.9 ± 0.2 26.9 ± 0.2
LLM-COT 65.7 ± 0.3 36.9 ± 0.8 30.9 ± 0.7 26.8 ± 0.7 26.2 ± 0.7
ToG 67.2 ± 0.3 51.3 ± 0.5 47.4 ± 0.4 40.3 ± 0.2 40.9 ± 0.2
RoG 78.9 ± 0.1 73.4 ± 0.1 78.2 ± 0.1 63.7 ± 0.1 61.0 ± 0.0
SubgraphRAG 87.7 ± 0.4 62.7 ± 0.4 58.2 ± 0.3 56.0 ± 0.3 54.4 ± 1.1
Plan-on-Graph 75.3 ± 0.3 58.8 ± 0.4 53.3 ± 0.4 46.8 ± 0.2 47.1 ± 0.3
GoG 80.3 ± 0.4 68.7 ± 0.6 63.1 ± 0.1 55.2 ± 0.1 55.8 ± 0.2
Paths-over-Graph 81.7 ± 0.9 73.6 ± 2.6 66.9 ± 2.5 60.9 ± 1.0 60.1 ± 1.3
Faico(Ours) 88.6 ± 0.2 84.0 ± 0.1 77.3 ± 0.1 75.3 ± 0.1 73.4 ± 0.0

Table 8: Performance comparison on GrailQA dataset.

Method Hit∗ Hit@1 PRE REC F1

LLM-direct 31.7 ± 0.2 11.2 ± 0.3 10.6 ± 0.4 8.2 ± 0.2 8.4 ± 0.3
LLM-COT 29.7 ± 0.5 8.4 ± 0.4 7.7 ± 0.5 6.4 ± 0.5 6.5 ± 0.5
ToG 64.3 ± 0.3 51.4 ± 0.6 51.1 ± 0.6 46.0 ± 0.4 46.9 ± 0.4
Plan-on-Graph 76.8 ± 0.6 65.7 ± 0.4 64.0 ± 0.5 59.1 ± 0.4 59.5 ± 0.5
GoG 77.7 ± 0.3 71.3 ± 0.1 68.0 ± 0.4 64.5 ± 0.0 63.8 ± 0.1
Paths-over-Graph 84.8 ± 0.5 79.0 ± 1.2 75.1 ± 1.6 71.3 ± 0.4 70.2 ± 0.6
Faico(Ours) 78.4 ± 0.1 68.4 ± 0.2 66.1 ± 0.2 61.8 ± 0.2 62.1 ± 0.2

Table 9: Performance comparison on CWQ dataset.

Method Hit∗ Hit@1 PRE REC F1

LLM-direct 40.2 ± 0.2 28.7 ± 0.0 26.8 ± 0.1 25.6 ± 0.0 25.5 ± 0.1
LLM-COT 41.6 ± 0.4 29.1 ± 0.5 26.9 ± 0.4 25.8 ± 0.4 25.6 ± 0.4
ToG 47.1 ± 0.4 36.2 ± 0.5 35.3 ± 0.4 32.4 ± 0.4 33.0 ± 0.3
RoG 47.6 ± 0.3 43.8 ± 0.3 37.4 ± 0.3 40.5 ± 0.2 37.1 ± 0.2
SubgraphRAG 62.9 ± 0.7 48.2 ± 1.1 44.8 ± 1.2 44.4 ± 1.1 43.0 ± 1.2
Plan-on-Graph 50.9 ± 0.5 37.0 ± 0.1 35.2 ± 0.2 32.9 ± 0.2 33.0 ± 0.2
GoG 65.5 ± 0.3 57.3 ± 0.5 53.8 ± 0.2 50.7 ± 0.2 50.7 ± 0.2
Paths-over-Graph 72.1 ± 0.5 69.1 ± 1.4 66.8 ± 1.3 65.4 ± 0.3 65.2 ± 0.5
Faico(Ours) 75.2 ± 0.4 70.5 ± 0.3 67.6 ± 0.3 65.3 ± 0.4 64.9 ± 0.4

Castlemont High School via Kevin Hart. However, under the set-
ting of 𝑘 = 1, the traversal is forced to stop early because the
required path length (> 1) surpasses the allowed budget. Conse-
quently, the correct answer node becomes unreachable within
the constrained search space.

Topic 
Entity

Answer
Entity

Regular
Entity

Select Ignore

Kevin Hart

Temple University

Castlemont 
High School

UnNamed_Entity

UnNamed_Entity

education.education.institution
people.person.education

What colleges did the famous person who 
went to Castlemont High school go to?？

(a) Limit of 𝑘

Harvard 
Art Museums

Harvard
University

UnNamed_Entity

organization.organization_relationship.child

organization.organization.child

education.educational_institution.colors

Crimson

What are the school colors of 
Harvard Art Museum?？

(b) False prediction

Figure 8: Error analysis of cases where the answer entity is
missing.
• False Prediction. Figure 8b demonstrates a failure where the
correct answer is missed due to errors in the upstream relation

prediction. The path to the correct entity (Harvard University) re-
quires the relation organization.organization.child. How-
ever, this relation was not included in the predicted set R𝑞 . Since
Faico strictly follows R𝑞 to prune the graph, the edge leading to
the correct answer is ignored.

H Additional Experiments
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Figure 9: Query time distribution on WebQSP.

Efficiency.We additionally record the query time distribution of
all methods on WebQSP. As it shows in Figure 9. Faico achieves
the highest Hit@1 accuracy (84%) , while simultaneously main-
taining a compact and stable query latency distribution (median
5.13s, Q3 7.68s). Compared to other high-accuracy baselines such as
Paths-over-Graph (Hit@1=73.6%, median=38.43s, Q3=114.99s) and
Plan-on-Graph (Hit@1=58.8%, median=51.44s, Q3=128.53s). Faico
achieves 7.49x and 10.03x speedup in the median of the latency
compared to Paths-over-Graph and Plan-on-Graph, respectively.
Faico improves accuracywhile substantially reducing long-tail high-
latency queries, making it well suited for real-time and production-
oriented scenarios.
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Figure 10: Performance by varying bound 𝑘 on CWQ.

Robustness. As shown in Figure 10, it suggests that 𝑘 = 1 is gener-
ally sufficient for most queries. While increasing 𝑘 expands graph
coverage, it tends to introduce noisy relations that outweigh po-
tential gains, leading to marginal or negative performance changes.
This trend aligns well with the empirical 𝑘-distribution shown in
Figure 3b, where most queries concentrate at relation type that
occurs once.
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